For many Markov semigroups dilations in the sense of Hudson and Parthasarathy, that is a dilation which is a cocycle perturbation of a noise, have been constructed with the help of quantum stochastic calculi. In these notes we show that every Markov semigroup on the algebra of all bounded operators on a separable Hilbert space that is spatial in the sense of Arveson, admits a Hudson-Parthasarathy dilation. In a sense, the opposite is also true. The proof is based on general results on the the relation between spatial E 0 -semigroups and their product systems.
Introduction
(Quantum) Markov semigroups are models for irreversible evolutions of (quantum) physical systems. Dilating a Markov semigroup, means embedding the irreversible system into a re-versible one in such a way that the original irreversible evolution can be recovered by projecting down (via a conditional expectation) the reversible evolution to the subsystem.
Noises are models for reversible systems containing a subsystem. A noise is actually a reversible evolution on a "big" system with a conditional expectation onto a "small" subsystem that leaves the small system invariant. One may think of a simultaneous description of a reversible system and the small system, but with the interaction switched off. When the interaction is switched on, the dynamics of the compound system changes and leaves the small system no longer invariant. The projection back to the small subsystem produces irreversible behavior.
Often, one tries to model the transition from the free dynamics (the noise) to the real dynamics by perturbation of the noise with a unitary cocycle. This is what we mean by a HudsonParthasarathy dilation. In practically all known examples, such cocycles have been obtained by means of a quantum stochastic calculus. The stochastic generator of the cocycle, is composed from the generator of the Markov semigroup. Often, it may be interpreted in terms of an interaction Hamiltonian. In these notes, we show in the case of B(G) (the algebra of all bounded operators on a Hilbert space G) without using any calculus, that a Markov semigroup admits a Hudson-Parthasarathy dilation, if (and, in a sense, also only if) the Markov semigroup is spatial. The case of a Markov semigroup on a general von Neumann algebra (in particular, also on a commutative one, which corresponds to a classical dynamical system) will be discussed in Skeide [Ske08a] .
The necessary notions, spatial Markov semigroup, noise, Hudson-Parthasarathy dilation, and so forth, are explained in Section 2 and then used to formulate the result. In Section 3 we review the basic results about spatial E 0 -semigroups and spatial product systems, needed in the proof of the result, and we proof the result. In Section 4, finally, we list several natural questions.
Our proof makes heavy use of Arveson's results [Arv89] on the classification of E 0 -semigroups (in particular, spatial ones) by tensor product systems of Hilbert spaces. (In fact, the main scope of [Ske08a] is not to generalize the present result to general von Neumann algebras, but to fill a long standing gap, namely, to answer the question how Arveson's classification of E 0 -semigroups by product systems generalizes to Hilbert modules.) We shall assume that the reader is familiar with Arveson's results at least in the spatial case, and we shall also assume that the reader knows the works by Bhat [Bha96] and Arveson [Arv97] on the relation with Markov semigroups via the so-called minimal weak dilation (once more, in particular in the spatial case). 
Notations and statement of the result
. This weak dilation can be chosen minimal in the sense that the
The minimal weak dilation is unique up to suitable unitary equivalence, namely, by a unitary that sends one ξ to the other.
[2] (Strictly speaking, for an E 0 -semigroup as defined in the first paragraph, H should be infinite-dimensional. However, the missing case, where the H of the minimal weak dilation is finite-dimensional, happens if and only if G is finite-dimensional and T consists of automorphisms. In this case, for our theorem below there is nothing to prove, and we will tacitly exclude it from the subsequent discusion.)
Bhat [Bha96] defines the Arveson system associated with the Markov semigroup to be the Arveson system of its minimal weak dilation ϑ.
By a noise over B(G) we understand an E 0 -semigroup S on some B(H) that contains B(G)
as a unital von Neumann subalgebra and an isometry ω : G → H, fulfilling the following:
[1] Once for all other cases, strongly continuous for a von Neumann algebra B ⊂ B(H) refers to the strong operator topology (or the point strong topology). That is, a strongly continuous family T t of operators on B
satisfies that t → T t (b)h is norm continuous for all b ∈ B, h ∈ H.
[2] Roughly speaking, we may identify G with the subspace ξG of H, so that B(G) becomes the corner ξ B(G)ξ * =
pB(H)p of B(H)
, where p denotes the projection in B(H) onto ξG. That leads to slightly more readable formulae. But, in a minute, we will identify B in another way as a unital subalgebra of B(H).
By 2, E is a conditional expectation. By 3 (applied to a = ωbω * ), S with the isometry ω is a weak dilation of the identity Markov semigroup on B(G). Therefore, the projection p := ωω
is increasing, that is, S t (p) ≥ p for all t ∈ R + . A noise is reversible, if all S t are automorphisms.
In this case, S t (p) = p for all t ∈ R + .
[3]
This definition of noise is more or less from Skeide [Ske06] . In the scalar case (that is, G = C) it corresponds to noises in the sense of Tsirelson [Tsi98, Tsi03] . A reversible noise is close to a Bernoulli shift in the sense of Hellmich, Köstler and Kümmerer [HKK04] .
Definition. A Hudson-Parthasarathy dilation of a Markov semigroup T on B(G) is a noise
(S, ω) and a unitary left cocycle u t with respect to S, such that the cocycle conjugate E 0 -semi- by We now make the last definition and state the result.
Definition [Arv97, Definition 2.1]. A unit for a Markov semigroup T on B(G) is a strongly continuous semigroup c in B(G) such that T dominates the elementary CP-semigroup S t (b) := c * t bc t , that is, the difference T t − S t is completely positive, too, for all t ∈ R + . A Markov semigroup on B(G) is spatial, if it admits units.

Theorem. A Markov semigroup on B(G) is spatial if and only if it admits a Hudson-Parthasarathy dilation that is also a weak dilation with respect to the isometry ω. Such a HudsonParthasarathy dilation may be extended to a reversible Hudson-Parthasarathy dilation.
We do not know, whether mere existence of a Hudson-Parthasarathy dilation alone (without the requirement that it may be chosen to be also a weak dilation), is already sufficient.
For instance, a reversible noise has the trivial (that is, the one-dimensional) Arveson system, and a cocycle does not change the Arveson system. Hence, there is no chance that a cocycle perturbation of a noise can be a weak dilation of a nonautomorphic Markov semigroup.
Proof
We said, a Markov semigroup is spatial, if it admits a unit. Of course, also an E 0 -semigroup is a Markov semigroup. For E 0 -semigroups there is Powers' definition [Pow87] of spatiality in terms of intertwining semigroups of isometries, also refered to as (isometric) units. Bhat the minimal (or any other) weak dilation ϑ on B(H) of T , with the isometry ξ, is spatial. To that Arveson system construct an E 0 -semigroup S on a Hilbert space H with an an invariant vector state ϕ = Ω, •Ω . Tensor it with the identity on B(G) as described before to obtain a noise (S, ω) with the same Arveson system as ϑ. We wish to identify the two Hilbert spaces (infinite-dimensional and separable, unless T is an automorphism semigroup on M n ) by a unitary u : H → G ⊗ H in such a way that uξ = ω. But this is easy. If T is an E 0 -semigroup, then, since T is its own weak dilation, there is nothing to show. If T is not an E 0 -semigroup, then both E 0 -semigroups, ϑ and S, are proper. We simply fix a unitary u : H → G ⊗ H that takes ξg to g ⊗ Ω = ωg and is arbitrary on the (infinite-dimensional!) complements of ξG and G ⊗ Ω.
There exists, then, a left cocycle u t with respect to S that fulfills
Is our cocycle in any way adapted? Hudson-Parthasarathy cocycles obtained with quantum stochastic calculus on the Boson Fock space are adapted in the sense that u t is in the commutant of S t (1 ⊗ B(H)) for each t ∈ R + . Is our cocycle possibly adapted in the sense 
